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Abstract. We extend our previous computations to show that there are 
246683 Carmichael numbers up to 10 16 . As before, the numbers were gener- 
ated by a back-tracking search for possible prime factorisations together with 
a "large prime variation" . We present further statistics on the distribution of 
Carmichael numbers. 



1. Introduction 

A Carmichael number N is a composite number N with the property that for 
every b prime to N we have b N ~ x = 1 mod N. It follows that a Carmichael number 
N must be square-free, with at least three prime factors, and that p — lJiV — 1 for 
every prime p dividing N: conversely, any such TV must be a Carmichael number. 

For background on Carmichael numbers and details of previous computations we 
refer to our previous paper Q : in that paper we described the computation of the 
Carmichael numbers up to 10 15 and presented some statistics. These computations 
have since been extended to 10 16 , using the same techniques, and we present further 
statistics. 

The complete list of Carmichael numbers up to 10 16 is available by anonymous 
FTP from ftp.dpmms.cam.ac.ukin directory /pub/Carmichael. 

2. Statistics 

We have shown that there are 246683 Carmichael numbers up to 10 16 , all with 
at most 10 prime factors. We let C(X) denote the number of Carmichael numbers 
less than X and C(d,X) denote the number with exactly d prime factors. Table 
gives the values of C(X) and Table [2] the values of C(d, X) for X in powers of 10 
up to 10 16 . 

We have used the same methods to calculate the smallest Carmichael numbers 
with d prime factors for d up to 20. The results are given in Table |. 

In Table fi] and Figure |] we tabulate the function k(X), defined by Pomerance, 
Selfridge and Wagstaff § by 

C(X) = Xc Xp (-k(X) l -° SXl0gl0Sl0SX ~ 



log log X 

They proved that liminf k > 1 and suggested that limsupfc might be 2, although 
they also observed that within the range of their tables k(X) is decreasing: Pomer- 
ance !| , ||] gave a heuristic argument suggesting that lim k = 1. The decrease in k 
is reversed between 10 13 and 10 14 : see Figure |l| We find no clear support from our 
computations for any conjecture on a limiting value of k. 
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Table 1. Distribution of Carmichael numbers up to 10 
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Table 2. Values of C(X) and C(d, X) for d < 10 and X in powers 
of 10 up to 10 16 . 



In Table | we also give the ratios C(10")/C(l0™- 1 ) investigated by Swift §. 
Swift's ratio, again initially decreasing, also increases again before 10 15 . 

In Table | and Fi gure H we see that within the range of our computations C(X) 
is a slowly growing power of X: about X 337 for X around 10 16 . 

In Table ^ we give the number of Carmichael numbers in each class modulo m 
for m = 5, 7, 11 and 12. 

In Tables [?] and ^ we give the number of Carmichael numbers divisible by primes 
p up to 97. In Table [j] we count all Carmichael numbers divisible by p: in Table || 
we count only those for which p is the smallest prime factor. 

The largest prime factor of a Carmichael number up to 10 16 is 68786257, dividing 



9463098235353841 = 13 ■ 31 ■ 541 • 631 • 68786257 
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N 
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3.11.17 
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7.11.13.41 
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825265 

5. 7.17.19.73 
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5394826801 

7.13.17.23.31.67.73 
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232250619601 

7.11.13.17.31.37.73.163 
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9746347772161 

7.11.13.17.19.31.37.41.641 


10 


1436697831295441 

11.13.19.29.31.37.41.43.71.127 


11 


60977817398996785 

5. 7.17.19.23.37.53.73.79.89.233 


12 


7156857700403137441 

11.13.17.19.29.37.41.43.61.97.109.127 


13 


1791562810662585767521 
11.13.17.19.31.37.43.71.73.97.109.113.127 


14 


87674969936234821377601 
7.13.17.19.23.31.37.41.61.67.89.163.193.241 


15 


6553130926752006031481761 
11.13.17.19.29.31.41.43.61.71.73.109.113.127.181 


16 


1590231231043178376951698401 
17.19.23.29.31.37.41.43.61.67.71.73.79. 97.113.199 


17 


35237869211718889547310642241 
13.17.19.23.29.31.37.41.43.61.67.71.73. 97.113.127.211 


18 


32809426840359564991177172754241 
13.17.19.23.29.31.37.41.43.61.67.71.73. 97.127.199.281.397 


19 


2810864562635368426005268142616001 
13.17.19.23.29.31.37.41.43.61.67.71.73.109.113.127.151.281.353 


20 


349407515342287435050603204719587201 
11.13.17.19.29.31.37.41.43.61.71.73.97.101.109.113.151.181.193.641 



Table 3. The smallest Carmichael numbers with d prime factors 



for d up to 20. 



and the largest prime to occur as the smallest prime factor of a Carmichael number 
in this range is 174763, dividing 

9585921133193329 = 174763 • 199729 • 274627. 

We note that this number is of the form (7k + l)(8fc + l)(llfc + 1) with k = 24966. 



4 



RICHARD G.E. PINCH 




THE CARMICHAEL NUMBERS UP TO 10 





ft [1U ) 




Q 
O 






A 

*-± 




7 ODD 


K 
O 


9 07fi^9 


9 98fi 


u 






7 


1.93388 


2.441 


8 


1.90495 


2.429 


9 


1.87989 


2.533 


10 


1.86870 


2.396 


11 


1.86421 


2.330 


12 


1.86377 


2.286 


13 


1.86240 


2.339 


14 


1.86293 


2.319 


15 


1.86301 


2.353 


16 


1.86406 


2.335 



Table 4. The function k(X) and growth of C(X) for X 
n < 16. 
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Table 5. C(X) as a power of A". 
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FIGURE 2. C(X) as a power of X (expressed in powers of 10). 
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Table 6. The number of Carmichael numbers in each class mod- 
ulo m for m — 5, 7, 11 and 12. 
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Table 7. Primes occurring in Carmichacl numbers. 
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Table 8. Primes occurring as least prime factor in Carmichacl numbers. 
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